RIGIDITY OF ALVAREZ CLASSES OF RIEMANNIAN 
FOLIATIONS WITH NILPOTENT STRUCTURE LIE ALGEBRA 
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Abstract. We show that if the structure algebra of a Riemannian foliation 
T on a closed manifold M is nilpotent, the integral of the Alvarez class of 
(M, T) along every closed path is the exponential of an algebraic number. 
As a corollary, we prove that the Alvarez class and geometrically tautness of 
Riemannian foliations on a closed manifold M are invariant under deformation, 
if the fundamental group of M has polynomial growth. 



1. Introduction 

A Riemannian foliation fona closed manifold M is geometrically taut if there 
exists a bundle-like metric g on M such that every leaf of T is a minimal sub- 
manifold of (M,g). Geometrically tautness of Riemannian foliations is a purely 
differential geometric property, but it is known that it has remarkable relations 
with the cohomological properties of (M, T). For examples, Masa [10] character- 
ized the geometrically tautness of (M, T) by the nontriviality of the top degree part 
of the basic cohomology of (M, J 7 ) and Alvarez-Lopez p] defined a cohomology class 
[Kb] of degree 1 for (M, T) which vanishes if and only if (M, T) is geometrically 
taut. We call [kj] the Alvarez class of (M, T). In this paper, we show that Alvarez 
classes of Riemannian foliations have a rigidity property, if the structure Lie alge- 
bra is nilpotent. As a corollary of the rigidity of Alvarez classes, we obtain the 
invariance of geometrically tautness of Riemannian foliations under deformation, if 
the fundamental group of the ambient manifold has polynomial growth. 

The main result in this paper is the following theorem: 

Theorem 1. Let M a closed manifold and T be a Riemannian foliation on M with 
nilpotent structure Lie algebra. Then e-'i ' Ki> ' is an algebraic number for every 7 in 
7Ti(M) where [Kb] is the Alvarez class of(M,J-). 

Theorem [T] is shown by computation of Alvarez classes in terms of the holonomy of 
the basic fibration in Section 2 and application of Mal'cev theory in Section 3. 

We state two corollaries of Theorem [1] Let M be a closed manifold whose 
fundamental group has polynomial growth. Then the structure Lie algebra of every 
Riemannian foliation on M is nilpotent according to Carriere [3] . By Theorem[TJ the 
Alvarez classes of Riemannian foliations on M are contained in a countable subset 
of iJ 1 (M;R) which is independent of foliations. On the other hand, if we have a 
smooth family {^ r *}tG[o,i] °f Riemannian foliation on M , their Alvarez classes varies 
continuously in H 1 (M;M.) as shown in [12]. Hence we have the following corollary: 

Corollary 1. Let M be a closed manifold whose fundamental group has polynomial 
growth and [0,1] be a smooth family of Riemannian foliation on M over [0, 1]. 
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Then we have [«f] = [/t| ] m H (M;M.) for any t and t' in [0,1] where is ifte 
Alvarez class of (M, .F*). 

Since {M : T r ) is geometrically taut if and only if the Alvarez class of (M, .F*) 
vanishes according to Alvarez-Lopez [T] , we have the following corollary of Corollary 

HI 

Corollary 2. Let M be a closed manifold whose fundamental group has polynomial 
growth and {J 7 *}tG[0,ll be a smooth family of Riemannian foliation on M. Then one 
of the following is true: 

(1) (M, .F*) is geometrically taut for every t in [0,1]. 

(2) (M,^*) is not geometrically taut for every t in [0,1]. 

If the dimension of J 7 is 1, the structure Lie algebra of T is always abelian 
according to Caron-Carriere [2] or Carriere [3]. Hence the conclusion of Corollary 
[T]and Corollary [2] follow from Theorem Q] without the assumption on the growth of 
the fundamental group of M for the cases where T is 1-dimensional. 

Note that we can show Theorem [T] by more direct computation in 12 if the di- 
mension of T is 1, using a theorem of Caron-Carriere [2] which claims 1-dimensional 
Lie foliations with dense leaves are linear flows on tori with irrational slopes and 
computation of the mapping class group of the group of diffeomorphisms preserving 
a linear foliation with dense leaves on tori by Molino and Sergiescu [TTj . 

The author expresses his gratitude to Jesus Antonio Alvarez Lopez, Jose Royo 
Prieto Ignacio and Steven Hurder. The conversation with Alvarez-Lopez and Royo 
Prieto on Alvarez classes gave the author a definite clue to carry out the compu- 
tation of Alvarez classes in Section 2. The idea on conditions for the growth of 
the fundamental group of the ambient manifold came from the conversation with 
Hurder. 

2. Computation of Alvarez classes in terms of the basic fibration 

We prepare the notation to state the main result in this section. Let (M, J 7 ) 
be a closed manifold with an orientable transversely parallelizable foliation. Let 
7r: M — ► W be the basic fibration of (M,F). Fix a point x on M. We denote a 
fiber of 7r which contains x by N and the restriction of T to N by Q. Then (A, Q) 
is a Lie foliation by Molino's structure theorem. We denote the dimension and 
codimension of (N,Q) by k and I respectively. Let g be the structure algebra of 
(A, Q), which has dimension I. Throughout Section 2, we assume the unimodularity 
of g, that is, 

(1) H l ( B )=R. 

Note that assumption {T]) is satisfied if g is nilpotent and may not be satisfied if g 
is solvable. 

For the basic definition of the spectral sequences of foliated manifolds, we refer 
to a paper by Kamber and Tondeur [8]. Let E^' be the (0, fc)-th term of the 
spectral sequence of (N,Q). Then the dimension of E®' is 1 by the assumption 
(TTJ) , since we have 

(2) H l ( B )=H l B (N/g)=E° 2 k 

where the first isomorphism follows from the denseness of the leaves of (A, Q) 
and the second isomorphism follows from the duality theorem of Masa in [10] . 
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Hence Aut(-E2 ,fc ) is canonically identified with K — {0}. We denote the orientation 
preserving automorphism group of E^ k by Aut-^-Ej' ), which is identified with the 
set of positive real numbers K>o- 

Let Diff(iV, Q) be the group of diffeomorphisms on N which map each leaf 
of Q to a leaf of Q and denote its mapping class group in the C°° topology by 
7r o (Diff(iV,0)). We have a canonical action $: 7r (Diff (N, Q)) — ► Aut(E%' k ) de- 
fined in the following way: Let H k {Q) be the fc-th leafwise cohomology group of 
(N,G), which is identified with E® ,k in the spectral sequence of (N,Q). E® ,k is 
identified with the kernel of d\fi'. H k (Q) — ► E\' where di t o is the map induced 
on Ei terms from the composition of the de Rham differential and the projection 
C°°{A k+1 T*N) — > C°°((TQ^)* ® A k T*G) determined by a Riemann metric g of 
(N, Q) (See 0.). Diff (TV, Q) acts to E%' k , since Diff(7V, Q) acts to the leafwise coho- 
mology group by pulling back leafwise volume forms and this action preserves E®' ■ 
This action descends to an action of 7To(Diff(iV, Q)), since the action of the identity 
component of ~Diff(N,Q) to the leafwise cohomology group is trivial according to 
the integrable homotopy invariance of leafwise cohomology shown by El Kacimi [3] . 

We show the following proposition which computes the period of the Alvarez 
class [ki,] of (M, T) in terms of the holonomy of the basic fibration: 

Proposition 1. The diagram 

f[«fc] 

(3) TT! (M, x) — K 

7T» log 

7n(W,7r(aO) n (mS(N,g)) Aut+(£ 2 °' fe ) 

is commutative where J [Kb] is the period map of [Kb], hol^ is the holonomy map 
of the basic fibration tt: M — > W , log is defined through the identification of 
Aut(-E 2 ) '' C ) with R>o and $ is the canonical action described above. 

Proof. To show the commutativity of the diagram ([3]) for an element [7] of 7Ti (M, x) 
which is represented by a smooth path 7, it suffices to show the case of W = S 1 
pulling back the fibration 7r by 7. By the assumption (|TJ) , the Alvarez class of 
(N,Q) cannot be nontrivial. Hence the restriction of Alvarez class of (M,F) to a 
fiber of tt is zero. We will compute the integration of Alvarez class of (M, T) along 
a path which gives a generator of tti(S 1 ,tt(x)). We denote the holonomy of the 
(N, Cf)-bundle tt over S 1 along a path which gives a generator of tti(S 1 , tt(x)) by / 
and its action on E®' by /*. We write T for the foliation defined by the fibers of 

TT. 

We fix a bundle- like metric g 1 on (M, T) . Let E be the vector bundle of rank 1 
over S 1 whose fiber Et over t in S 1 is the (0, k)-th Ei term of the spectral sequence 
of (7r~ 1 (t), JF^-i (•(■)). We define an affine connection V on E by 

(4) Vs= [ (di, s) 

for s in C°°{E) where d\$ is the map induced on E\ terms from the composition 
of the de Rham differential and the projection C°°(A k+1 T*M) — ► ^{{TF^)* <g> 
A fe T*JF) determined by a Riemann metric g of (M, F), and J is the integration on 
fibers on tt with respect to the first component of C°°(T*M) (8 C°°(E) using the 
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fiberwise volume form vol v of ir determined by g' which is defined by $ (pt®h\x\) = 
(J w haA vol„) <g> [x] for a in C°°(T*M) and h in C°°(M). The Rummler's formula 

(5) d lfi x = -kAx 

in [14] implies V is an connection on E. Note that d\ja coincides with the differential 
on Ei terms of the spectral sequence of (M, T) which is determined only by T and 
hence V is independent of the metric g' . 

The connection V is flat, since every connection on a vector bundle over S 1 is 
flat. The holonomy of (E,W) which corresponds to a generator of 7Ti(S' 1 , 7r(a;)) is 
shown to be equal to /* in the following way: We pull back the (N, Q) bundle 7r by 
the canonical map i: [0, f] — > [0, l]/{0} ~ {1} — S 1 and denote the total space of 
l*it by (M', T 1 ). Fix a trivialization (M', T') = (N, Q) x [0,1] as a (N, Q) bundle, 
then we have an induced trivialization of l*E. Since i*V is independent of the 
metric, we can assume that t*V is defined by a product metric. Then the parallel 
section of (t*E, t* V) is the constant sections with respect to the trivialization. Since 
(E, V) is obtained by identifying the boundaries of (l*E, t*V) by /*, the holonomy 
of CE,V) is equal to /*. 

We will show that the holonomy of (E, V) which corresponds to a generator 
of 7Ti(5 1 , 7r(x)) is equal to e$s lKb where the holonomy of (E, V) is regarded as 
a real number. For this purpose, we construct a bundle-like metric g on (Af, T) 
such that each leaf of J 7 is a minimal manifold of (M, 5) and the leafwise volume 
form x* of (7r _1 (<), JF| w -i( t )) determined by g satisfies d\ %* = where is 
the transverse component of de Rham differential of (tt (t),J r \ n -irf,) defined in 
the same way as dip for (N,Q). By the duality theorem of Masa in [10] and the 
assumption we have a bundle- like metric go on (N,Q) such that each leaf of 
Q is a minimal submanifold of (N,g ). Note that the leafwise cohomology class 
[Xo] of the characteristic form xo °f {N,Q,giy) is an eigenvector of /*, since [xo] is 
a generator of E^ k and /* preserves E%' k . Hence we can write /*[xo] = c [xo] f° r 
some real number c. By the Moser's argument in [5], we can isotope / to fx in 
Diff (N, Q) so that f*Xo = exo- Let luq be a basic transverse volume form of (N, Q). 
Then we have f*u>o — btvo for some real number b, the leaves of (N,Q) are dense. 
Since fi induces the identity map on H k+l (N;R) and a pairing 

(6) E^ k x E l i Q — ► E l i k = H k+l (N; R) 

is natural with respect to Diff (TV, Q), we have d = -. Hence we have /j*(xo A ujq) — 
Xo A w - We define a bundle-like metric g of (Af , J 7 ) by g = p{t)g + (1 — p(i))/*<?o + 
(it (g) cfc where p is a smooth function on [0, 1] which satisfies p(t) = near and 
p(t) = 1 near 1. We denote the characteristic forms of (M,!F,g) by x- Then we 
have x = p(t)xo + (1 ~ p(t))f*Xo- By the Rummler formula, we have rfi,oXo = 
and hence d\ o(xU- 1 (t)) = for every t in 5 1 . Note that each leaf of T is a minimal 
submanifold of (M,g), since /1 preserves the volume form of (N,go). 

We calculate the holonomy of (E, V) using g. We denote the map which cor- 
responds the leafwise cohomology class [xL-^t)] to t in S 1 by [x]- Then [x] is a 
global section of E, since d\ oxU-^t) = is satisfied by the construction of \. By 
the Rummler's formula ([5]), we have 



(7) V[x] = -( / K) ® [xl 
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We show that J k is a closed 1-form on S 1 which satisfies «&( Jj) = f„ K (~§*) on 
S . By the minimality of the fibers of ir with respect to g and Rummlcr's formula 
for {M , T) , dvolr; has no component which has m-form tangent to the fibers of tt 
where m is the dimension of the fibers of 7r. Hence we have 

d L K = d L K b 

= J v ( dKb A vol n — Kt A dvol n J 

(8) = J n I dKb A vol^ — Kb A (iwoZ^ j 

= J n ydKb A wo^l 

= L dK b- 

Since «;& is closed by Corollary 3.5 of Alvarez-Lopez [T], we have d k — 0. Kb(-^r) — 
K (-§[) is clear by the definition of Kb- 

Hence V is a flat connection defined by a closed form k and we can show the 
holonomy of V) is equal to e^s 1 L K — eXsi Kb in a standard way. □ 

3. Application of Mal'cev Theory 

Let (M, JF) be a closed manifold with a Ricmannian foliation with nilpotent 
structure Lie algebra. Since the Alvarez class of {M : T) is defined by the inte- 
gration along fibers of the Alvarez class of (M 1 , J- 1 ) where M 1 is the transverse 
orthonormal frame bundle of (M, T) and T 1 is the lift of T , which is transversely 
parallelizable, Theorem[T]is reduced to the case where (M, J 7 ) is transversely paral- 
lelizable. Moreover we can assume the orientability of J 7 , since a square root of an 
algebraic number is algebraic. To show Theorem[T]in the cases where (M, J 7 ) is ori- 
entable and transversely parallelizable, it suffices to show the following Proposition 
by Proposition Q] 

Proposition 2. Let (N,Q) be a closed manifold with a Lie foliation with nilpo- 
tent structure Lie algebra of which every leaf is dense in N . Then the image of 
$: 7To(DifF(iV, Q)) — ► Aut(_E2' fc ) is contained in the set of algebraic numbers where 
Aut(i?2 ,fc ) is canonically identified with IR — {0}. 

We show a lemma which reduces Proposition [2] to a problem on nilpotent Lie 
groups and will apply Mal'cev theory to complete the proof of Proposition [2] 

Let N be a closed manifold and Q be a Lie foliation on N of dimension k and 
codimension / of which every leaf is dense in N. We denote the structure Lie 
algebra of (N, Q) by g. We fix a point x on N. Then the holonomy homomorphism 
hoi : 7Ti (N, x) — ► G of (N, Q) is determined where G is the simply connected 
structure Lie group determined by g. 

We denote the canonical action Diff (A, Q) — ► Ku^E^' ) by '3/ where E^ is the 
(0, Z)-th Ei term of the spectral sequence of (N, Q). Note that Elf is isomorphic to 
the Z-th basic cohomology group of (N, Q) [6] and hence isomorphic to H 1 (q), since 
the leaves of Q are dense in N. 

Lemma 1. If we assume 

(9) H l (g)=R, 
then we have the following: 
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(1) The diagram 
(10) Diff (TV, Q) -^U Aut(£ 2 °' fc ) 




Aut(4°) 

commutes where i is the map which takes the inverse through identification 
ofAut{E°' k ) andknt{Ef) with R-{0}. 

(2) We denote the image of hoi by T. A foliation preserving diffeomorphism 
f: (TV, (?) — > (N,G) which fixes x induces an automorphism of G which 
preserves V . 

(3) We denote the group of diffeomorphisms which fix x and preserve Q by 
Diff (TV, x, Q), the group of automorphisms of G which preserve T by Aut(G, T) 

and the homomorphism Diff (TV, x, Q) ► Aut(G) which is obtained by ([2]) 

by l. Then the diagram 



l,0\ 



(11) Diff (TV, x, Q) Aut(££ 



Aut(G,r) 



commutes where A is the canonical action of the automorphism group of 
ie 



Lie group to the Lie algebra cohomology under the identification of E 1 ^ with 



Proof. We prove (1). Let / be an element of Diff (TV, Q). Since the pairing (J6j) is 
natural with respect to Diff (TV, Q) and the action of / to H k+l (N; R) is trivial, we 
have the conclusion. 

We prove (2). Let X be a basic transverse vector field on (TV, Q) which we regard 
as an element of g. Then f„X is again an element of g where /* : G°°(TN /TQ) — > 
C°°(TN/TQ) is the map induced by /, since every leafwise constant function of 
(N,Q) is constant. Hence we have an automorphism of g induced by /*, which we 
denote by again. Let (TV, Q) be the universal cover of (TV, Q). We fix a point x on 
TV such that u{x) — x where u is the projection of the universal covering TV — > TV '. 
We can lift / to /: (TV, Q) — > (TV, Q) so that / fixes x. f induces a diffeomorphism 
/ on G — N/Q. Let g be an automorphism of G which is induced by an element 
(J*) -1 of Aut(g). Then f o g = Lh for some h in G, since d(f o g) preserves every 
left-invariant vector field on G. But since fog fixes e, we have / o g = idc- 

We prove the latter part. By the definition of hoi, we have hol{^) = po 7(1) for 
each element 7 in 7ri(TV, x) where p is the canonical projection p: TV — > TV /Q = G 
and 7 is the lift of 7 to TV such that 7(0) = x. Then we have f(hol(^)) = /°p°7(l) = 
po f o 7(1) = p o f o 7(1) = hol(f o 7), since / fixes x. 

(3) is clear from the construction. □ 

Note that every element of 7ro(Diff (N, Q)) is represented by an element of Diff (TV, x, 
In fact, (TV, T) is a Lie foliation and the identity component of Diff (TV, Q) acts to TV 
transitively. Hence Proposition[2]is reduced to the algebraicity of A: Aut (G,L) — ► 
Aut(£ 2 w ). 
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We prove the following proposition applying Mal'cev theory. 

Proposition 3. Let G be an I -dimensional simply connected nilpotent Lie group 
and r be a finitely generated dense subgroup of G. We put g = Lie(G). If we denote 
the group of automorphisms of G which preserves T by Aut(G,P), then the image 
of the canonical action 

(12) A: Aut(G.r) — ► Aut(if'(fl)) 

is contained in the set of algebraic numbers where A\it(H l (o)) is canonically iden- 
tified with R — {0}. 

Proof. At first, we apply Mal'cev theory following Ghys [5]. We refer to [9] and 
Chapter II of [13] on Mal'cev theory. We have a simply connected nilpotent Lie 
group H and an embedding i: T — ► H such that i(T) is a uniform lattice of 
H by Mal'cev theory. The homomorphism i~ x : i(T) — ► G can be extend to a 
homomorphism 7r: H — > G again by Mal'cev theory, n is clearly surjective, since 
r is dense in G. We also have a lift / of / which is an automorphism of H and 
preserves i(T) again by Mal'cev theory, since i(T) is a uniform lattice of H. Then 
we have a diagram: 



(13) H **H 




G >- G 



which satisfies the following conditions: 

(a) : H is nilpotent, 

(b) : 7r is surjective and 

(c) : i is an embedding of a uniform lattice. 

Proposition [3] follows from the following lemma: 

Lemma 2. If we have a diagram (|13j) which satisfies conditions (a), (b) and 
(c), then A(f): H l (g) — > ^'(fl) * s algebraic under the canonical identification 
o/Aut(ff'( fl ))=R-{0}. 

We prove Lemma [5] inductively on the rank of H as a nilpotent Lie group. 

If H is abelian, (H, L) is isomorphic to (M m ,Z m ). Then / is an element of 
SL(m;Z). / induces a homomorphism /: A' (R m )* — ► A z (R m )* and / has in- 
tegral entries with respect to the standard basis, since the entries of / are minor 
determinants of /. H l (g) is generated by an element represented by left invariant 
volume forms of G and left invariant volume forms of G are eigenvectors of / by 
the diagram ([IB]) . Then A(f) is algebraic, since A(f) is the eigenvalue of / with 
respect to left invariant volume forms of G. 

Assume that we have the diagram (|13[) which satisfies the conditions (a),(b) and 
(c) where the rank of H is n and the claim of Lemma [2] is correct if the rank of H is 
less than n. Then A([f, /]) and A(Hi(f)) are algebraic under the identification of 
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H 1 '([q,q]) and H 1 "(q/[q,q]) with K- {0} where I' = dim[g,fl] and I" = dimg/[g,g] 
by the following diagrams: 



(14) 



and 
(15) 



[H,H] 



[7T,7r] 



[G,G] 



If J] 





H/[H,H 



r n [h, h] -^L r n [h , h 



[/,/] 



[if, if] 



[7r,7r] 



[G,G] 




H/[H, H] 



H 1 (i)\ y Hxii) 



Hi(f) 



Hi(») 



G/[G, G] 



G/[G,G 



where p is the canonical projection H — ► [H,H]. Then we have the algebraicity 
of A(f), since we have A(f) = A([f,f]) ■ A(Hi(f)) under the identification of 
Aut(H l (Q)),H l '([Q,g}) and H l " (q/[q, q]) with K - {0} by the following diagram: 



(16) 







G *G/[G,G\ 



[G, G] - 

lf,fi 

^ [G, G] - 

Hence Lemma [2] and Proposition [3] are proved. 



Hi(f) 



G *G/[G,G\ 







0. 



□ 



4. Examples 

4.1. Torus fibration over S . Let ^4 be an element of SL(n;Z) with an eigen- 
vector v with respect to an eigenvalue A. Assume that the components of v are 
linearly independent over Q and A is a positive real number. For an example, take 



(17) 



A = 



,v = 



VE-i 

2 

-1 



,A = 



3 - V5 



A induces a diffcomorphism A on T n = R n /Z". We denote the mapping torus T n x 
[0,l]/(Aw,0) - (w, 1) of A by M and define a map vr: M — > S 1 by n([(w,t)]) = t, 
which gives a T n fibration over S 1 . Since v is an eigenvector of A, we have a foliation 
T on M formed by the lines parallel to v in each T n fiber of tt. By the assumption 
on v, the leaves of T are dense in the fibers of w. (M,J-) is Riemannian since we 
can construct a bundle-like metric g of (M, T) by g = p{t)ga + (1 — p(t))go + dt®dt 
where 50 is the flat metric on T™ and p(t) is a smooth function which satisfies 
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p(i) = near and p(t) = 1 near 1. Note that the structure Lie algebra of {M,T) 
is abelian. 

In this case, the mean curvature form of (M, J 7 , g) is a closed form on S 1 and we 
can calculate the Alvarez class [«;&] of (M, T) directly to obtain 



(18) / N=logA 



/ N = 

Js 1 





X 






p 


1 




x,y,z e 












4.2. A Riemannian foliation on a solvmanifold. We present an example of a 
2-dimensional Riemannian foliation on a 6-dimensional nilmanifold bundle over S* 1 
with nonabelian nilpotent structure Lie algebra and nontrivial Alvarez class. 

Let p be a prime and a be an element of which has an inverse /3 in 

Z(y/p). We put fc = GCD(a2,/32) where a2 and /?2 are integers which satisfies 
a = a i + a 2y /p and (3 = (3\ + fiz^fp for some integers ol\ and Let G be a 
nilpotent Lie group which is defined by 

(19) G- 

and L be a subgroup of G which is generated by 
(20) 

/l 1 0\ /l 0\ /l fc^/p 0\ /l 

A x = 1 , A 2 = 1 1 , As = 1 , Ai = 1 fcy^ 
\0 1/ \0 1/ \0 1/ \0 1 

/l l\ /l fc^/pN 

L is dense in G, since we have L4i,A 2 ] = I 1 1, [Al, Ai] =[01 

\0 I J \0 1 

and the Lie algebra of the closure of T is equal to the Lie algebra of G. 

We define a Lie group H by H = G®M 2 . Let t' be a homomorphism t' : L — > M 2 
which is defined by 

(\ x\ +x 2 ^/p z \ 

(21) t'( 1 V1+V2VP )=(*2,lte) 

\0 1 / 

where xi, X2,yi and 2/2 are integers and we define an embedding l: T — ► H by 
L (s) = (#j (-'(sO) f° r every g. Then i(r) is a uniform lattice of H. The fibers of the 
first projection H — ► G are preserved by the right multiplication of i(T) to H and 
define a G-Lie foliation Q of dimension 2 and codimension 3 on H/l(T). 

Let (^j ^ be an element of SL(2; Z) and put ^ ^ = 1 ^ 

be a map G — ► G defined by 

ax + by a 2 z + acx 2 + bdy 2 + bcxy^ 

(22) / I 1 y I = I 1 cx + dy 

1 

Then / is a homomorphism from G to G by the definition of and a. Since 

/ is bijective, / is an automorphism. Clearly / preserves L. Moreover f(T) = T 
follows from the definition of k and T. Note that there exists an element g of T which 
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/I 6\ 

satisfies g — 1 for every 5 in which has a form S = 8i + 8ik^fp 

\0 lj 

where 5i and 82 are integers. 

Since l(T) is a uniform lattice of if, the automorphism /|p of T is uniquely 
extended to an automorphism / of H and induces a diffcomorphism / on H/t(T). 
Since / preserves Q , we have a foliation T on the mapping torus M of / which is 
Riemannian. By f*{dx A dy A g?z) = a 3 da; A dy A dz and Proposition [T] we have 



(23) / M=loga 3 



hi, — iii S c" 

/s 1 

where S* 1 is the base space of the canonical fibration M — > S" 1 of the mapping 
torus and [k&] is the Alvarez class of (M, J 7 ). 
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